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V11
INTRODUCTION

In January 1975, the department of Applied Mathematics of the Mathe-
matical Centre initiated a colloquium on Nonlinear Analysis under super -
vision of H.A. Lauwerier and L.A. Peletier. This book contains the first
part of the proceedings of the lectures of this colloquium. It covers the
lectures of the first quarter of 1975.

When choosing the topics from nonlinear analysis for the colloquium,
the starting point was to give a mathematical introduction for workers in
this field, especially those from applied mathematics, physics, biochemics
and biology. For these workers no much accessible literature is available
and this group needs, apart from the theory, clear examples of applying
nonlinear analysis.

' In chapters I, III and V we give such examples in such a way that each
of these chapters can be understood without knowledge of the examples of
the other chapters. Sometimes there is some interaction between them. The
development of the theory is given in chapters II and IV.

Chapter I is of introductory nature. It treats a typical example from
nonlinear analysis. In chapter II the analytic approach to the concept of
topological degree of a continuous mapping f: RS - R i1s given. Both the
definition and the properties of degree are discussed extensively. The
theory of this chapter is applied on several fixed point theorems. In
chapter III some aspects of the theory of ordinary differential equations
describing chemically reacting systems are considered. The main topics are
the a priori bounds of solutions and the existence and stability of equi-
librium points the latter aspects being considered by using degree theory
developed in chapter II. In chapter IV nonlinear eigenvalue problems are
discussed. The eqguation is F(x,A) = 0, x € Ifl, A € IR. A wide choice of
illustrative examples is given, especially on bifurcation theory and on
stability of solutions. In chapter V an example is given of branching of
a set of periodic solutions from a constant solution of a predator-prey
differential equation describing two interacting populations.

The results and examples in this book are not new. Apart from minor
details all of the contents can be found in the literature.

Thanks to the effort of every member of our department the collogquium

was very succesful. The lectures were prepared in working groups and were

given by



N.M. Temme



I. A NONLINEAR EIGENVALUE PROBLEM FROM CHEMICAL ENGINEERING

In this series of lectures the central theme will be the study of
nonlinear eigenvalue problems and, in particular those which are found in
physics, chemistry and biology. By a nonlinear eigenvalue problem we mean
the problem of finding solutions of an equation of the form

(1) F(u,)\) 0.

Here F' 1s some nonlinear operator and A a real or complex valued parameter.

It is well known that the class of such problems for which the solu-
tions can be found explicitly is very small. Thus for quantitative informa-
tion one is very much dependent on numerical computations. However, in
recent years powerful methods have been developed for obtaining information
about the solutions which is qualitative in nature. They enable one to
answer questions such as
(1) does (1) have a solution for a given value of X;

(ii) 4if it does, how many solutions does it have;

(iii) how does this number vary with \?

Such questions arise quite naturally in the interpretation of numerical
results. This has been an important motivation for their study.

The methods used to answer these questions tend to rely on concepts
and results taken from what is traditionally regarded as the realm of pure
mathematics. Especially, elements of topology and functional analysis play
a crucial role. In the course of this colloquium therefore, we shall also
devote some time to these mathematical prerequisites. However, throughout
the emphasis will be on the study of specific examples taken from various

branches of science.

As an illustration of the gquestions we shall be interested in, we con-

sider an example taken from chemical engineering. It involves the simulta-

- neous occurrence of a catalytic reaction and mass transfer through diffusion.

Hy,



We consider a infinite slab of homogeneous, chemically inert material.
On the faces of this slab is situated a catalyst material. Outside the slab,
the reactant is present with a constant and uniform concentration C, -
This situation is not entirely unrealistic. For instance it is an appro-
pPriate model for the exhaust filters that the US automotive industry has
been trying out. .

Let us choose the x-axis perpendicular to the slab, and position the
origin of coordinates so that the two faces are at x = 0 and x = £. Then

the concentration of the reactant C(x,t) satisfies the differential'equaw

tion

atﬁD*ﬂ'ﬁ" for 0 < £, t > 0,

together with the boundary conditions

C--Cm—P---a-(-:-+r(C) for x = 0, t > 0O,
e K dx
C - C = P---?-E—+ Y (C) for x'mﬂ, t > 0.
e K ox

Here the diffusion coefficient D and the coefficient of mass transfer at
the surface K are positive constants. The function r(C) represents the rate

of consumption of the reactant. An appropriate choice for this function
would be

-2
Y (C) = klc{l + k, (c/ce)} '

where k1 and.k2 are positive constants. Finally, to complete the formulation

of the problem we have to add the concentration profile at t = O:
C(x,0) = C,(x) for 0 < x < £L.

To simplify the statement of the problem we introduce dimensionless
varliables x/ﬂ, Dt/ﬂz, C/C:e for x,t and C respectively. In the new indepen-

dent variables, which we again call x and t, u = C/Ce satisfies the differ-

ential equation

(2)

-
i

u for 0 < x < 1, t > O
t XX
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and the boundary conditions

(3) ux(O,t) + Af(u(0,t) for t > 0,

(4) ux(lrt) = - Xf(u(l,t)) for t > O,

where A = KE/D is the Nusselt number and

-1
£f(u) = Ce r(Ceu) + u ~ 1.

We shall assume that the constants k1 and k2 are such that the equation
f(u) = O

has exactly three positive solutions u, with 0 < u, < u., < U, At t = 0

we choose
(5) u(x,0) = ¥Y(x) for 0 < x £ 1.

Thus u must satisfy a linear equation and a pair of nonlinear boundary
conditions. The initial-boundary value problem is therefore a nonlinear one.
To begin with, we would like to investigate the existence and multi-
plicity of equilibrium solutions of this problem for a given value of .
Let u(x) be such an equilibrium solution. Then it follows from the differ-

ential equation that u"(x) = 0, and hence, that we can write u as

I":w’
L.,

a(x) = p + (I-p) x.

Clearly, u(0) = p and u(l) = g. The boundary conditions are also satisfied
if p and q satisfy the equations

+ )\f(P) ’

te
l
O
|

- Af(q).

10,
|
{o
|

We can write this as

(6) p = FA(u) = u + A(q), quA(P)r



where
Fk(u) = u + Af(u).

We observe that (p,q)

It

(ui’ui)' i =1,2,3 are solutions of problem (6)
for all values of A. In fact these are the only symmetric solutions 1i.e.
solutions for which p = q.

To investigate the existence of asymmetric solutions, we use the
(p,q) plane. In this plane, solutions of (6) correspond to intersections

of the graphs of p = F, (q) and g = F;\ (p) . Since every asymmetric solution

(E,Ei) is accompanied b; its dual (q,p) it suffices to consider only the
octant q > p 2 0. If there exists a solution in this octant, 1t must occur
in the set S = {(p,q) : u, <p<u,, u, <q <}. However, it is clear that
for A sufficiently small, no points of the graph {F)\ (q) ,q): u, < q < u3}
lie in this set. Hence, there exists a 6" e (0,») such that (6) has no asym-
metric solutions for any value of A 6(0,0*).

Suppose (p,q) is an asymmetric solution of (6). Then p and g satisfy

the relations

(7) £lq) = £p) _ 5/,
q-p
(8) £(p) = - £(q).

Conversely, if p and q satisfy (7) and (8), then (p,q) is a solution of (6).
We shall assume that

f(a) = max  f(u) < | min f(u)| = -£(B).
[ul ru3] [ul,u3]

Then, since f is strictly decreasing on [uz,B) , there exists a unique

u € (uz,B) such that £ > - f(a) on [uz,'ﬁ’) and f(u)= f(a).

Thus, to each p € [ul,uzl there corresponds a unique d4 (p) € [u2 ,E] and a
unique Kl(p) such that (7) and (8) are satisfied. Similarly, since f is
strictly increasing on (B,u3] there exists a unique u € [B,u3] such that
f > -£(a) on (ﬁ,u3] and f(u) = -f(a). Hence, to each p € ful,u ] there

_ 2
corresponds a unique q, (p) e [u,u3] and a unique A, (p) such that (7) and (8)

are satisfied.
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Figure 1

REMARK 1. If p + u it follows from (8) that q, ¥ u

and q2 + u Hence

1!

by (7) )\1 -~ © and AZ -+ oo

2

h

REMARK 2. If p + u
by (7) A

it follows from (8) that q, v u Hence,

» —=2/F° (u2) and A

2 3°

+m_

1 2

REMARK 3. In view of the construction q4 (p) < q2(p) for all p € [ul,uz].
Hence, by (7) and (8), Al(p) < Az(p) on [ul,uzl.

We observe that for p = u, and A = w2/f'(u2) an equilibrium solution
branches off the solution curve {(uz,k) : A € R}. This phenomenon is called
bZ furcation. It is one way in which new solutions can come into existence
when A varies. That it is not the only way is also shown by this example:
at the point (r,'r*) two solutions emerge which do not branch off another

solution.

*x
The solutions (u.,-2/f' (u2)) and (r,t ) have in common that their

2!
multiplicities are greater than 1. Solutions with this property can be

found by means of the determinant of the system (6):

AE' (p) + AE'(Q) + A2E'(P)E'(Q) = AS(p,q, )-

Forxr if (f),;i) is a solution of (6), then (f),a) has multiplicity =2 2 if and
only if 8(p,qg,)) = O. To show this we observe that solutions of (6) are in

one to one correspondence with the roots of the equation



F@) = £(q@) + £(F, (q)) = 0.

Because
File) = £'(q@) + £'(F, (@) {1 + £' (@)} = é(p,q,})

the result follows at once.

For applications it is often important to know whether any of the
equilibrium solutions constructed above are stable. That is, one would
like to know the relationship between the equilibrium solutions and the
solutions u(x,t;¥) of the initial-boundary value problem (2)-(5). In par-
ticular, given an equilibrium solution u(x) = p + (g-p)x, one would like
to know for which functions ¥, u(x,t;¥) - u(x) as t > « uniformly in x.
It is possible to show that if ¥ is close enough to an equilibrium solu-
tion u, for which (A (p) 'P) belongs to the cross hatched arcs in the (p,A)
plane, then u(.,t;¥) - u as t =+ «. Such equilibrium solutions are called
asymptotically stable. The equilibrium solutions corresponding to the re-
maining parts of the graphs in the (p,A) plane are all unstable. The

methods, by which these results are obtained, rely on the maximum principle.

[1] ARONSON, D.G. & L.A. PELETIER, Global stabtlity of symmetric and
asymmetric concentration profiles in catalyst particles,
Arch. Rat. Mech. Anal. 54 (1974) 175-204.



II. THE TOPOLOGICAL DEGREE OF A MAPPING

In this chapter we shall give an analytic approach to the concept of

degree of a mapping. For an approach using combinatorial topology, which

is closer to Brouwer's original theory, we refer to CRONIN [1]. In order

to understand applications in subsequent chapters it is sufficient to read

subsections 2.1, 2.2, 2.3, section 3 and subsection 4.1.

1. MOTIVATION

Throughout this chapter §{i will be an open bounded subset of the n-

dimensional real vector space R’ . The closure of © wil be denoted by

and 9} will be the boundary of {i. As a concrete example the reader may take
1

for  the open unit ball in ]R" . Then 32 is the unit sphere S°

Let f: > IR be a continuous mapping and let p € R" be such that
f(x) # p for each x € 9, i.e. p € R’ - £(3Q). It is our aim to get in-

formation about the solutions in (i of the equation

(1.1) f(x) = p.

In general, this is a nonlinear equation which cannot be solved in an ex-
plicit way. However, we shall obtain qualitative information about the so-

lutions of (1.1) by associating with each triple (£,8,p) an integer
deg (£,8,p)
such that the following properties hold.

PROPERTY 1.1. (Homotopy invariance)
e ~ _ | n .
Let the mapping (x,t)'+ft(x) be continuous from  x [0,1] into IR and let



£ (x) # p if (x,t) e 32 x [0,1]. Then deg(f _,2,p) is independent of t.

PROPERTY 1.2. (Boundary value dependence)

If Q and p are fixed then deg(f,,p) is uniquely determined by the restric-
tion of £ to the boundary 3{2.

We shall call deg(f,Q,p) the (topological) degree of the mapping £
with respect to the region Q@ and the point p. It will be helpful for the
reader to think about two distinct spaces an, say X and ¥, such that X
includes the domain { of f and Y contains the point p and the range £ (Q)
of f. .

In our approach a particular class of nice mappings, say a class F,
will be selected such that an arbitrary continuous mapping can be contin-
uously deformed to an element of F. For £ ¢ F a simple analytic definition
of degree will be given. If this definition can be extended to the case of
general £ then we know the degree of an arbitrary f by homotopy invariance
(cf. property 1.1). Such an extension will indeed be possible.

It will be proved that equation (1.1) has at least one solution x €

if deg(£,l,p) # 0. This theorem may give the reader an idea about the use-

fulness of the concept of degree.

Suppose that f maps @ into Q. Then the equation

(1.2) f(x) = x,

which can be considered as a special case of (1.1), is of particular impor-

tance. If for each continuous mapping £: > Q equation (1.2) has at least
one solution in @ then Q is said to have the fZxed point property. We shall
prove the fixed point property for the closed ball (Brouwer's theorem) by
using the concept of degree.

In order to get some feeling about the subject we shall first discuss

the one- and two-dimensional cases.

1.1. THE ONE~DIMENSIONAL CASE

Let @ be the open interval (-1,1). Then Q is the closed interval [-1,1]

and 9{2 consists of the points -1 and 1. First we prove Brouwer's fixed

point theorem for Q = [~1,1].

THEOREM 1.3. Let the function £: [-1,1]1 » [-1,1] be continuous. Then equa-
tzon (1.2) has at least one solution in [-1,1]. '
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PROOF. (Cf. figure 1). Suppose that (1.2) has no solutions for x

= +1. Let
g(x) = X - f(x). Then g(-1) < 0 and g(1) > 0. By the intermediate value
theorem g(x) = 0 somewhere on (-1,1). [}
E 'y=f(X)
y=g (X)
-1 /] —> -1 —>
-1

Figure 1

Next, let the function f: [-1,1] - IR be continuous and let p € IR
such that f(x) # p for x = 1. A first candidate for deg(f,(-1,1),p) might
be the number of solutions of equation (1.1) in the interval (-1,1). How-
ever, this number does not have the property of homotopy invariance. For

: 2 .
instance, the equation x + t = 0 has zero, one or two solutions on (-1,1)

according to whether t > 0, t = 0 or -1 < t < 0 (cf. figure 2).

Ty _ Ty

Figure 2

Let us try another definition of degree. Let F be a class of "nice"
functions consisting of all continuous functions f£: [-1,1] - IR such that

f( 1) # p and the sethfwl(p) of solutions of (1.1) is finite. Note that



(1.3) for general con-

p. This definition of degree satis-

4) is the only possible
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f, = £, £, (x) = P (1+x)F (1) + 3 (1-x)f(-1), £ (x1) = £(x1).

Then f1 e F and £ and f1 must have the same degree by property 1.1.

The boundary wvalues f(-1) and f£(1) divide the real line into two or
three intervals (connected components). On each of these components the de-—
gree 1s a constant function of p. However, if p passes a boundary value then
the degree may change. Hence, there is no satisfactory way to define the de—
gree 1f p is a boundary value of f. Note that the degree is always zero on

the two unbounded components of IR - {f(-1),f(1)}. Figure 4 gives one pos-

sible siatuation.

deg = 0O deg = 1 5 deg = 0O e
£(-1) £(1)

Figure 4

Finally, in view of generalization to higher dimension, consider con-
tinuous functions f: [-1,1] - IR, which are continuously differentiable on
(-1,1). If £(+1) # p and if f'(x) # O for x ¢ fnl(p) theanwl(p) is a finite
set and (1.3) is equivalent with

(1.6) deg(f, (-1,1) ,p) = Z sign f£'(x).
xef~1 (p)

1.2. ANALYTIC FUNCTIONS ON THE DISK

Let @ denote the open unit disk {z € C | [zl < 1} in the complex plane

C. Suppose that £ is a nonconstant analytic function on the closed unit disk

b

{¢ and let p € € such that p € € - £(32) . Then fhl(p) = {2z } is a fi-

z
A {
nite (possibly empty) subset of . Let Oj be the multiplicity of the zero

0= . + .
Zj of £ - p, i.e., £(2) - p = c(szj) J + O(Iz — szUJ 1), c # 0. We define
the degree of f by

(1.7) deg(frﬂrp) =
]

O,
3

| 1A

i.e. the number of zeros of £ - p in { counted by their multiplicities. In

§1.1 we remarked that for a similar definition in the one-dimensional case

property 1.1 does not hold, cf. figure 2. However, in the present case pro-
perty 1.1 is satisfied as long as we restrict ourselves to analytic func-

tions £f. In fact, Rouche's theorem (cf. TITCHMARSH [2, §3.42]) implies that



1.1 for functions ft(m)

ocmplex analysis

I

gy

piEet
ir

Flz) = 22 + =z.

f(z)=22 +z deg=0

£ (30)

let £ = (£,£%)

- £(oR2).




8) . Geometrically, the

example is given in figure 6. Again, pro-

Figure 6

oy 9 47, ! 8 t h 2 GP em

wunit disk in he mapping £: Q » Q be contin-

equation £(x) = x has at least one solution in Q.

Suppose that f has no fixed points in Q. Let g(x) = x - f(x).

O <t <1

- no zeros in f.

gt(x) = x - (1-t)f(x).

g((1-t) | x| "x) if 1 -t < |x| <1,

g (x) if |x| 1 - .

h g (x) h _(x) are continuous in (x,t) e Q x [0,1] and
g, (X) # 0 # h_(x) if x «

of2. Note that gy = g = h,, g,(x) = x, h, (x) = g(0).

1
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1 = deg (gﬁl,Q,O) = deg(g,,0) = deg (hl ,2,0) = 0. This is a contradiction. i

If £: @ > 1R2 is continuously differentiable on the closed unit disk i,

then (1.9) can be rewritten as an integral over Jd{i. We have

, £2_ 2
(1.10) deg (£,0,p) = o % d arc:tg( 1 Pl) =
30 £ -p
2 2.1
_ 1 % (fl"Pl)df2 - (f"-p af
2T 2 .
30 lf = Pl

Let us finally try to extend (1.7) to the case that £ is not analytic.

Denote the determinant of the Jacobian of a differentiable mapping
(xl,xz) - (fl,fz) by Jg(x). Suppose that f(z) is analytic and write

£(z) = f(x1+ix2) = fl (xl ,xz) + if2 (xl ,xz) . Then by the Cauchy-Riemann
1

gx) = | £ (x 5

equations J +ix2) |2. Hence, if z = x1 + 1X 1s a simple root
of £(z) - p then Jf(x) >0 for x = (x ,x ).

1 2

Suppose now that £: Q@ - IR 1is continuous on { and continuously dif-

2

ferentiable on i, let p e IR - £(9) and let fw1 (p) be a (possibly empty)

finite set on which J f(:r.) is non-zexro. Then we define

(1.11) deg (£,9,p) = ) sign J
xef1 (p)

f(x).

Formula (1.11) reduces to (1.7) if f is analytic and £ - p has simple roots.
However, if f is not analytic then Jf (x) may also have negative sign. For-
mula (1.11) is the two-dimensional analogue of (1.6). It can be proved that
(1.11) is consistent with (1.9) and (1.10).
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2. DEFINITION OF THE DEGREE deg(f,Q,p) IN IR

The definition of degree by analytic methods goes back to NAGUMO [3]
and HEINZ [4]. Recent presentations of this theory are given by SCHWARTZ

Vv V
[5, chap. 3], BERGER & BERGER [6, chap. 2], FUCIK, NECAS, SOUCEK & SOUCEK
[7, chap. 1], NIRENBERG [8, chap. 1] and DEIMLING [9, chap. 2]. NIRENBERG

[8] and SCHWARTZ [5] will be our main references in this section.

Let  be an open bounded subset of R . Let f: 8 » R be a continuous

" . P n
mapping, i.e. £ € C(Q). Let p ¢ IR - f£(9Q2). We shall define the degree
deg (£,0,p) in three stages. Some rather technical proofs will be postponed

to an appendix at the end of this section.

2.1. FIRST STAGE: CONTINUOUSLY DIFFERENTIABLE FUNCTIONS f AND REGULAR
VALUES p

Suppose that f € C(Q) and that for x € Q all partial derivatives

i
M exist and are continuous. Then we shall write f € C(Q) n C1 (). For

9xJ
x € § let Jf (x) denote the determinant of the Jacobian matrix
//afl(x) 3£ (%)
% 3%
3£ (%) 3£ (x)
Bxl axn

We introduce the following sets associated with the mapping f.

DEFINITION 2.1.

(a) 2 = {x € Q | Jf(x) = 0} is the set of critical points of E.
(b) @ - Z is the set of regular points of f.

(c) £(2) is the set of critical values of f.

(d) R - £(2Z) is the set of regular values of f.

LEMMA 2.2. (Implicit function theorem, specital case)
Let x € Q be a regular point of £. Then there is a neighborhood U < Q of x
such that £ 8 a homeomorphic mapping from U onto £(U) and the mapping

gL, f(U) -+ U 18 continuously differentiable.
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empty) subset of Q.

- £(3Q) - £(2). Then g (p) 28 a finite (possibly

1 = 1

PROOF. The set f ~(p) is a closed subset of the compact set (. Hence f ~ (p)

is

compact. Since fw1 (p) consists of regular points of £ it is by lemma 2.2

a discrete subset of Q. Any compact discrete set is finite. [l

After these preparations we can give the first stage of the definition

of degree.

DEFINITION 2.4. Let £ ¢ C(R) n C1 () and p € RS - £f(aQ2) - £(Z). Then

(2.1) deg (£ ,82,p) = ) sign J_(x).
219 f
xef™+ (p)
This definition is the n-dimensional analogue of (1.6) and (1.11).
Note that deg(f,,p) is integer-valued. Consider as an example the mapping

f in figure 7.
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: n |
union of the open sets V1 yooa 'Vk and X, € Vi’ cf. figure 8. Let y: IR > IR

be continuous such that y(y) = O if |y - pl > r and let J_, ¥(y)dy = 1.

r

i

¥ (£(x))T_ () ax

k
[ bEGNT ax = ) | W(EG)I, ax =
i=1 4

£-1 (W) Vi
k
): (sign Jf(xi)) I Y (£ (x)) lJf(x) | dx =

i=1 v
1

H

K
(igl sign Jf(xi)) f Y(y)dy =

Z

Figure 8

EXTENSION TO CRITICAL VALUES p

e e . , | - 1
uppose again that £ € C(Q) n C (Q). It will turn out that formula (2.2)

m open cube {Y € IR I ly "'Yll <a, i=1,...,n}

such that X c -~ £(9R). Let y: > IR be a continuous function vanish-

ing outstde K and Y(y)dy = 0. Then

(2.3) [ w(f(x))Jf(x)dx = 0.
.
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Lemmas 2.8 and 2.7 immediately imply:

COROLLARY 2.9. Let K ¢ R be an open cube such that X < R™ - £(39). Then
for all contiruous functions Y: R - R vanishing outside X and such that

f]Rn Y(y)dy = 1 the integral

J W(f(x))Jf(x)dx
5 ;

has the same value. In particular, if p € K n (IR -£(2)) then this integral
18 equal to deqg(f,Q,p).

£ (30)

Irigure 9

It follows that deg(f,),p) has the same wvalue for all regular values p
in any open cube with closure in RS - f(9). It is now obvious how to ex-

tend the definition of degree to critical values p € RS - f (0Q2) .

DEFINITION 2.10. Let £ € C(Q) n Cl () and p € R" - £(30). Let K ¢ R be
an open cube such that p € K and K ¢ :an - £(oR). Let g ¢ K - £(2) and let
deg(f,2,q) be given by (2.1). Then we define

deg (£,§,p) = deg(£f,0,q).

This definition is independent of the choice of K and g and it is con-~-

‘sistent with definition 2.4. It follows that deg(f,2,p) is a locally con-

stant integer-valued function of p on R - f(3). Clearly, deg(f,Q,p) 1is
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continuous in p.

COROLLARY 2.11. Let £ e C(Q) n cl Q). Then aeq(£,9,p) s a constant func-
tion of p on each connected component of R' - £(3Q). In particular,
deg(£,R,p) = 0 on the unbounded connected component qf'nfl - £(382).

If V is a connected component of R’ - f(9R) and if p € V then we may
write deg(f,Q,V) instead of deg(f,f,p). NIRENBERG [8, theorem 1.5.5] proved

the following integral representation for deg(f,Q,V).

THEOREM 2.12. Let £ € C(R) n c’ (Q) and let VvV be a connected component of
R' - £(3Q). Let v: R® - R be a continuous funetion with compact support

in V and let 'r:an V(y)dy = 1. Then

(2.4) deg (£ ,R,V) = J w(f(x))Jf(x)dx.
{2
A proof will be given in §2.4.

2.3. THIRD STAGE: EXTENSION TO CONTINUOUS FUNCTIONS f

In §2.2 we proved that deg(f,Q,p) is a locally constant function of p.

We shall now prove that, in a certain sense, deg(f,Q,p) is a locally con-

stant function of f.

LEMMA 2.13. Let fo,,f1 e C(Q) n (:1 (). Define for 0 < t
<

£, = tf, + (1-t)f,. Suppose that p ¢ £, (3Q) 1f 0 £ t
18 independent of t.

iA

1
1. Then deg(ft,Q,p)

PROOF. Since the mapping (x,t) - ft(x) is continuous and the set 30 x [0,1]

is compact, the set {ft(x) |:x e 3, 0 £ t € 1} is also compact. Hence,
there is an open cube K such that p € K and K c R - ft(aﬂ) for all
t € [0,1]. Choose a continuous function y: RS > R with support in K such

that f]]Rn P(y)dy = 1. Then

(2.5) deg(ft,Q,p) = w(ft(x))(tJf (x)+(1—t)Jf (x))dx.

J
a 1 0O

Since the function (x,t) > Y (£f t(x)) is uniformly continuous on the compact
set @ x [0,1], the right-hand side of (2.5) is continuous in t. Finally,

since deg(ft,ﬂ,p) is integer-valued and continuous in t, it must be inde~

pendent of t. ]



lg{x) - f(x)]| < r}.

by definition 2.10.

subsection pr oofs will be g iven for lemma 2.5 s lemma 2.8 and

2.5. Since { is countable union of closed cubes it suffices

K. < {

s Lebesgue

consider a closed and to prove that f(KUnZ) ha

zero. Suppose that KO has length

Consider a closed subcube K obtained in this way. Suppose that K
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contains a critical point Xy Then there is an orthogonal transformation

> IR such that if T o f = g then grad gn(xo)

there are points & 1,1-;2 ,,..,En on the segment connecting x with X such that

= 0. PFPor each x € K

1 i _ 1 : .
' v~ — . o w— 1 -~ o p -
g (x) g (xo) (grad g (&) ,x xo) ’ 1 y n

Hence
1'¢u¢pn - 1:

i

lgi (x) - gi (xo)l < Mn%leﬁ,, i

|gn(x) - gn(xo)l < en%Nhlﬁ.

Thus the measure of £(K) is less than E:Mn"12nnn/ 2£nN--n and the measure of

f(KonZ) ﬁis less than €M "12nnn/2£n. Since £ is arbitrary, it follows that

f(K,0Z) has measure zero. L

Next we shall prove lemma 2.8. Some further lemmas will be needed.

LEMMA 2.16. Let K be a closed cube in R . Let y: R® +~ R be a Cl--f'unction
with support in K such that [ R v(y)dy = O. Then there exists a Cl—mcrpping
v: R + R with support in K such that div v = .

PROOF. The proof is by induction on the dimension n. When n = 1, the func-

tion v(y) = f{m y(s)ds satisfies the conditions. Now suppose the lemma is

true in n dimensions. We want to prove it in n + 1 dimensions. Without

losing generality we may suppose that K = K = {y ¢ IRn+1 | Iyll <1,

n+1
. n
i=1,...,n+ 1}. Let Kn = {y € | Iyl| <1, i=1,...,n}t. Let
K

_n+1
-+ JR be of class C1 with support in such that fIRn"'l Y (y)dy =0.

n+1

1 : :
Define a C -function ¢: R - IR with support in Kn by
(Y) = { “P(Y:t)dt; Y € ]Rn-
Then [ o ¢(y)dy = 0. By induction there is a C:l ~-mapping u: :an - ]Rn with

support in Kn such that div u = ¢. Choose a Cl-function T: IR > IR with sup-
port in [-1,1] such that ffm T(t)dt = 1. Then

f (p(y,t) - ¢(y)1(t))dt = 0, Y € R .
Define a Cl-function vn+1: n+1 > with support in K 1 by
n+
t
n+1 _ n
v (vy,.t) = | (Y(y,s) - ¢(y)1(s))ds, (yv,t) e R x IR.

woer OO



I1I. TOPOLOGICAL DEGREE 23

Then

n
oV (z'rt) — w(y;'t) Z 8

Tt - ey T(t) = Y(y,t) - (P T(1)).
i=1 By

By putting Vl(ypt) = ul(y)T(t) » 1 =1,...,n, the mapping v = (V1 “;Vn+1)

' -
satigfies the conditions. L]

1

n . . '
If £f: O » IR is a C -mapping then let J;'j (x) denote the cofactor cor-

i
responding to the (i,]J)-th entry in the Jacobian matrix (Bf j(X)). The formula
,k oxX
n

. of (x) _ik 3
(2.6) ) = T (X)) = 8, T (x)
k=1 oX

is a standard result from linear algebra. We also have the following result.

LEMMA 2.17. If £: @ > R 18 a C2--mapp'ing then
n BJ;k(x)
(2.7) 2 — % < O, i=1,...,n.
k=1 oxX

PROOF. Fix i and write g = (*1)inl(f1,...,?l,...,fn), where " denotesran ab-

sent element. Then

k(M) = (ml)k"ldet{_‘iﬂ_ _B_AQ_ _2‘3_}_

1!"'! kl"'"!‘

oxX JX an
Hence

| ik

n BJf (x) I — a/\

} ——4—= 1 (-1) det{—%,...,—ﬁ,...,——%,...,—i-}

c=1 oX k#L - oxX IX OX oxX oxX

= ) (_1)k+9“"2det{_a_39___a_§_ . _..3_%__ . _3_/\9_ o _9_9_} +
k ‘Q,l 1! ’ 2: ! kl ! n
L<k X oX 9X oX X oX

2

+ 2 (~1) k+2'—3det{-—§-—9-—— 99 ._%Ag_ ..ii_\g_ ..._9..}

’ F oo ey P ee oy y ooy
>k 359" ax 3 35 3x

0. L]

LEMMA 2.18. Let K, ¥ and v be ae in lemma 2.16. Let f: 3 > R be of elass
c(Q) n c? (). Let K ¢ IR' - £(3Q). Then there is a cl—mapping u: RS -+ R
with compact support in Q such that

‘P(f(X))Jf(x) = div u(x), x € §.
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n

_ ki .
E vk(f(x))J J'(:z’f:) if x € §,
t

if x € Q.

> IR is of class C1 with support in the compact

set fnl(K) c Q. Using (2.6) and (2.7) we have

Then the mapping u: R

n k 2 .
div u(x) = y [_ai_éﬂ_] 95"1(35)" Jlgl(x) N
i,k,2=1 * 23y v=£(x) o9x
n 1 BJgi(x)
+- . E_--d v (f(x)) --*--;;-I---- = [div v (y) ]y--—-f(x)Jf (x) =
= lb(f(x))Jf(:x)- L]

REMARK 2.19. Lemmas 2.16 and 2.18 can also be formulated in terms of dif-

ferential forms, cf. NIRENBERG [8, §1.3]. Consider a differential n-form

H = tiJ(y)dyml...;.....'ciynL and a differential (n-1)-~form w = 211“1 (-1) i_lvl (y)dyl...
Al - = -

...y ...dyn. Then 4 = dw if and only if Y(y) = div v(y). Lemma 2.16 states

: .. | :
that if u is of class C° with support in K then there exists a (n-1)-form

w with support in XK such that p = dw. The Cz-mapping f: @ > R' induces a
w .
mapping f from differential forms on R" to differential forms on . Lemma

2.18 is equivalent with the statement that £ (dw) = d(f ).

2.20. Let u: R -+ R be mapping with compact support in Q. Then

f div u(x)dx = 0.
4 Q
PROOF. Apply Stokes' theorem. []

Lemmas 2.16, 2.18 and 2.20 together imply:

COROLLARY 2.21. Lemma 2.8 s valid if ¢ is a lefunCtiOnand
fecl nc’@.

PROOF OF LEMMA 2.8. Let the mapping f ¢ C(0) n C1 () , the open cube K and

the continuous function Y be as in lemma 2.8. Let KO be an open cube in R

such that K c K, © K

n
; 0 <R - £f(9Q). Let U be an open set in Q such that
£ (KO) ¢ UcU-cf{. It is possible to choose a mapping g € C() n C2 (R2)



(Y(g(x)) - ¢(g (x)))Jf(x)dx +

P (g (x)) (T (x) - Jg(X))dx + [ ¢(9(X))Jg(X)dx~
{4

-eym of the right-hand side is zero by corollary 2.21 and the other

arbitrarily small. Hence the left-hand side is zero. []

THEOREM 2.12. The open set V can be written as a countable union

cubes K, such that each y € V has a neighborhood which intersects
many of these cubes. For each cube K, choose a continuous

Py + JR with support in K, such that ¢
ﬂa(y)/(2=¢8(y)). Then Xy V > F
upport in ﬁd; Furthermore Eaxa(y) =1, v € V (partition of unity). It
om corollary 2.9 that

a(y) > 0 if vy EKa. Let

is well-defined, continuous and

;(f(x))xa(f(x))Jf(X)dx = deg(f,ﬂ,V) [ W(Y)Xa(y)dY-
V

Summation over a then qives formula (2~4)- D



again 2 be an open bounded subset of ;'an, let f: § > R® be contin-
- £(90f}) . Let deg(f,2,p) be defined by definition 2.15.

lg(x)|. In this section we shall state some

properties of the degree.. In order to prove these properties the following

proposition will be useful.

TION 3.1. Let O < r < dist(p,£(3Q)). Let V = {g e Cc() | lf-gl < r}.

Vig man ;; ( J, 0, p) o deg (£, 'P) for each g € V and ther = QIC'Z:S ts g e VN C 1 (§2)

part of the proposition follows from corollary 2.14 and

definition 2.15. To prove the second part we can choose h € V n C1 ($2) such

fi < jr (cf. lemma 2.6). Then by lemma 2.5 there is a regularx

e g of h such that [q - p| < 3r. The mapping g = h + p - q satisfies

the conditions of the proposition. []

empty then deg(£f,Q,p) 0.
(b} If deg(f,Q,p) # 0 then f(x) = p has at least one solution in Q.

1 __
! (P) = @. Choose g ¢ (&) n CI(Q) such that
< dist(p,f(R)) and p is a regular value of g. Then gm1 (p) = @ and
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subset of QO and let p ¢ £(K).

'*""‘* (f a@ pp) = d@g (f rﬂmK:P)

< dist(p,£(K) u £(39Q))

st

xeg"§(p)~K

& f(K) U £(3Q). Choose g € C() n (:1 () such that

p is a regular value of g. Then by

= )

_ sign J (x) =
xeg'—1 (p) J

sign Jg(:x.) = deg(g,-K,p) = deg(£f,Q-K,p).




'”*“”7% 3*7* (Domain deconmositi
Let p & £(3Q). If Q 18 a

sountable unton of disjoint open sets Qj then

(3.2) deg (£,Q,p) = ) deg (£,9, /P) -
]

On the right only a finite number of terms are nonzero.

PROOF. First we prove that p ¢ Bﬂj for each j. Suppose that p € BQk for

some k. Then p € @, p ¢ 90, sop € . Hence p € .  for some 2, 2 # k. It

L
follows that p ¢ aﬂk 1s an interior point of (2 . Hence Q,_ n e # @. This

2 k
is a contr

adiction.
Next choose g € C(Q) n 01 (2) such that lg - fl < dist(p,f(3Q)) and P

is a regular value of g. Then deg(f,Q,p) = deq (g,2,p) and deg(f rgjrp) =
= deg (g,gj +P) for each j. Since gm1 (p) is a finite set, deg(g,R.,p) = O

.
for all but finitely many values of j. Finally, (2.1) implies (3.2) with

f replaced by g. Therefore (3.2) also holds for f. [

REMARK 3.8. The reader

may verify that theorems 3.4, 3.5, 3.6, 3.7 together

imply definition 2.4 and that theorem 3.4 and definition 2.4 together imply

definition 2.15. Hence, the degree is completely characterized by theorems
3.4, 3.5, 3.6 and 3.7.

). (Boundary value dependence)

ar fwed @ and p the degree deq(f,Q,p) Zs completely determined by the
restriction of £ to 3.

PROOF. Let £orf, e C() . Suppose that £y(x) = £, (x) for x € 3Q. Let

p ¢ fo(am. Define £ = tf, + (1-t) f,- Then fq = £, = f, on 3Q. Theorem 3.4
implies that

BMARK 3.10. It follows from the Tietze ertension theorem (cf. for instance
SIMMONS [10,

§281) and from the compactness of 3Q that each continuous map-

ping h: 3R - W™ has a contirnuous extension £ to §. This observation to-

gether with theorem 3.9 makes it possible to define the degree deg (h, 3

/P)
if h: a8 - IR

is a continuous mapping and p ¢ h(32). Choose any contin-

L]

uous extension f of h on  and define deg (h, 90 ,p) = deg (£,0,p) .

Theorem 3.4 already holds for homotopy equivalence on the boundary.
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THEOREM 3.11. Letl £qrEy - Q - IRnn be contiruous mappings. Suppose that
there exist mappings £ : 3@ > R , 0 <t <1, such that the mapping
(x,t) - ft(x) 18 continuous from 3N x [0,1] into W' and £ . (x) #p 1
(x,t) € 9 x [0,1]. Then deg(fo,ﬂ,p) = deg(fl,ﬂ,p).

PROOF . The mapping (x,t) - ft(x) is continuous on the compact set

( x {0}) u (32 x [0,1]) u ( x {1}). By the Tietze extension theorem it

has a continuous extension on Q x [0,1]. Application of theorem 3.4 com-

pletes the proof. L]

Finally we define the index of an isolated solution of £(x) = p.

DEFINITION 3.12. Let f: { - ]R' be continuous. Let p € R". If x € 0 is an

-1 )
isolated point of £ ~ (p) then define the index of f relative to p at the
point x by

(3.3) ind(f,x,p) -~ deg (f:Br (X) pP) ’

where Br (x) is an open ball of radius r around x such that Br (x) <  and

g1 (p) n B _(x) = {x}.

Theorem 3.6 guarantees that this definition does not depend on the

choice of r.

THEOREM 3.13. Let £ € C(Q) n c! Q) and p € R". If x € Q 78 an isolated
point of £ ' (p) and if I_(x) # O then

(3.4) ind (f,x,p) = sign J_(x) = (-1) ",

where v 18 the sum of the algebraic multiplicities of the real negative
etgemvalues of the Jacobian of £ in x.

PROOF. The first equality follows from (2.1) and (3.3). Let Al,)\z,...,kn

1A2"'An' The

nonreal factors occur in complex conjugate pairs. Hence only the real nega-

be the eigenvalues of the Jacobian of £ in x. Then Je (x) = A

tive factors contribute to the sign. L]

Note that if J £ (x) = 0 then the index of £ at x can assume integral

values different from -1 or 1.
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IOREM 3.14. Let £ € C(Q). If £ (p) 28 a finite set included in Q then

(3.5) deg (f,Q,p) = ) ind (f,x,p) .
xef~1 (p)

PROOF. Let f (p) =

{x, +Xpr-++,X }. Choose disjoint open balls Br (x5) < 2,
J=1,...,k. Application of theorems 3.6 and 3.7 gives

k

k

deg (£,Q,p) = deg(f, U B (x.),p) )j deg(f,B (x_.)p) =
I=1 r- J i= r- J
j 3 j=1 3

{

) ind (f ,x,p) . [}
xef—1 (p)
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4. SOME APPLICATIONS TO NONLINEAR EQUATIONS

In this section we shall discuss Brouwer's fixed point theorem, a
theorem about the surjectivity of a mapping, and the existence of eigenvalues
for certain nonlinear mappings. The homotopy invariance theorems 3.4 and
3.11 will be the main tools for proving these theorems. Throughout, the
reader may consult the references [5] - [9]. In addition, SMART [11,

chaps. 2 and 10] is a good reference for fixed point theorems.

4.1. BROUWER'S FIXED POINT THEOREM

n p—
Let B denote the closed unit ball in IRn and let Sn 1 = BBn be the

unit sphere in IR" . Remember that a topological space X has the fixed point

property if for each continuous mapping £f: X - X there exists a (fixed)

point x 1n X such that f (x) = x.

THEOREM 4.1. (BROUWER)
The closed unit ball B has the fizmed point property.

PROOF. Suppose that f: B" > B" is continuous without fixed points. Let

g(x) = x - £f(x). Then the egquation g(x) = 0 has no solutions. Define
gt(x) = X - (1-t)f(x). Then (x,t) > gt(x) is continuous from Bn x [0,1]
into R", 99 = 9+ 94 = id and gt(x) # 0 if (x,t) e Sn—-—l x [0,1]1. Applica-

tion of theorems 3.2, 3.4 and 3.5 gives

0 = deglg,B™-s""1,0) = deg(ia,B™-s""1,0) = 1.

This is a contradiction. ]

Without using any degree theory it can easily be proved that the fol-

lowing two propositions are equivalent with theorem 4.1.

PROPOSITION 4. 2. (Sn"1 18 not contractible)

1

There does not exist a continuous mapping (x,t) - £, (x) from s"™" x [0,1]
n-1

to S such that £, 18 the identity mapping and £ g Maps s onto one
point.

1

PROPOSITION 4.3. (8™~ Zs not a retract of B™)

. . . n n-1
There does not exist a continuous mapping g: B - S such that g| 4 _,

18 the identity mappirg.



ere exists a unique real number t = 1 such that the point

F(x) lies in Sn--l . Denote this point by g(x). Then the mapping

-1 is

continuous and J l Sn*"“l = 1d. D

left to the reader to prove that theorem 4.1 implies proposi-

.8 evident from em 4.1 that each topological space which is
B , has the fixed point property.

Il . .
compact convex subset X Of IR 18 home morph 1.C

KANTOROVICH & AKILOV [12, P- 638] for the detai 1s).

ng generality we may suppose that 0 e€ K and that IR" is the
span of K. Then,

Oy the convexity of K, the interior of K is open.
in the interior of K. Now it is possible to define the

f#. P(x) o= inf{t > 0 I t"1x & K} )y X € ]Rn . Then the map-

- by g(X} = (P(x))-_l le A, X # Or and g(O) = O’ 1s a homeo-

I | 'I Ly 2y &g - :; ..I:'-:"-Tll',l- . .
’ | oot 4 ™ ﬁ N

en y = Ax # 0 with all y3 > 0. The map-
P

AX 1s continuous from the compact
n 1

¢« =1, x 20 fori=1,...,n} into

Axo

i

en Ax ., (yo+ . . .+y0)x0
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4.2. ON THE SURJECTIVITY OF A MAPPING f: R® - R

PROPOSITION 4.7. Let £: B' > R" be contimuous such that £(x) never points
opposite to x for x e Snml, 1.e., £(x) # -\x for all » 2 0, x € s, Then
f(x) = 0 has a solution in the interior of B .

PROOF. Let ft(x) = tf(x) + (1-t)x, 0 = t £ 1. Then, by hypothesis, ft(x) # 0
n-1

for (x,t) € S x [0,1]. Hence

&.

deg (£,8"-s""1,0) = deq(id,B™-s""1,0) = 1.

Application of theorem 3.2 completes the proof. L]

In particular, the conditions of proposition 4.7 are satisfied if
(f(x) ,x) > O for each x « Snm1

»

PROPOSITION 4.8. Let f: B - TR" be continuous such that (f (x),x) 2

2 r for
some r > 0 and all x ¢ s L. Then the equation £(x) = y has a solution for
each v, |y| < r.

PROOF. Let |y| < r and g(x) = £(x) - y. Then

(g(x),x) = (£(x),x) - (y,x) 2r - |y| >0, for x € S

Hence, by proposition 4.7, g(x) = 0 has a solution in B, L]

THEOREM 4.9. LetT f: R - R be a continuous mapping. If

lewl (£(x),x) > +o uniformly as |x| > -,

then £ 18 a surjection, 1.e., for each y ¢ R the equation f£(x) = y has
a solution.

PROOF. Choose r > 0. Then, by hypothesis, there exists R > 0 such that

|x|—1(f(x) yX) 2 r for |x| = R. Define g(x) = f(Rx). Then (g(x),x) 2 r for
|x| = 1. Hence, proposition 4.8 assures that g(x) = vy, v < r, has solutions
in BP. So f(x) = v, v < r, has solutions for lxl < R. []

- - n
4.3. EIGENVALUES OF NONLINEAR MAPPINGS f: Sn 1'+ IR

Theorem 3.9 and remark 3.10 justify the following definition.
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DEFINITION 4.10. Let f£f: Sn”1-+ .‘5‘,’:1““"“:l be a continuous mapping. Then the degree
deg (f) can be defined such that

deg(f) = deg (]:“4,,an----snm:l , O)
: . n !
for any continuous extension F: B -+ TR of f.

Because of theorem 3.3 we have

deg(f) = deg(F,Bn*Snnl,p)

for each p € B - Snﬁl. Application of theorem 3.11 gives:

'PROPOSITION 4.11. (Homotopy equivalence)
If the contimuous mappings £y:5, s 5 ™ e homotopie, Z1.e., t1f £

and £, can be extended to a contirmous mapping (x,t) - £_(x) from
Snw1 x [0,1] Znto Snml, then deg(fo) = deg(fl).

O

LEMMA 4.12. Let f-: Sn...1 > Snm1 be contirnuous.
(a) If £ has no fixed point then deg(f) = (--1)“.
(b) If -f has no fiwxed point then deg(f) = 1.

PROOF'.

(a) Let ft(x) = i (1-t) £(x) - tx| -1 ((1-t) f(x)-tx). Then (x,t) - ft(x) is
continuous from Snm1 x [0,1] into Snml, fo = £ and f1 = —-id. Hence
deg (f) = deg(-id) = (-1)".

(b) Using the homotopy ft(x) = ](lwt)f(x) - txl_l((l—t)f(x)+tx) we obtain
that deg (f) = deg(id) = 1. 0

COROLLARY 4.12. Let f: "l gnd be continuous. If n s odd then either
f or -f has a fixed point.

This result is a generalisation of the elementary fact that any ox-

thogonal transformation of R" must have eigenvalue 1 or -1 if n is odd.

THEOREM 4.13. Let f: "1, R’ be contimuious. If n 28 odd then there exists
xo € .‘Snm1 and A € R such that f(xo) = ?\xo.

PROOF. Clearly the theorem holds if f(x) = 0 for some x e Snul. Suppose

that £ maps Snm1 into R~ - {0}. Then g = [f]ﬂlf 1s a continuous mapping
from Snm1 into itself. By corollary 4.12 there exists XO € Sn-l and € = *1

such that.g(xo) €x,- Hence f(xo) = elf(xo)lxo. L]
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The linear case of this theorem states that for odd n any linear

: n n _ _
transformation A: IR - IR has a real eigenvalue.

COROLLARY 4.14. Let f: Sn"1-+ R" be continuous and let (£(x),x) = O for

each x ¢ snﬂl..Lf:n 18 odd then £(x) = 0 for some x ¢ st

An equivalent statement is that for odd n any tangent vector field
on Snnl'vaniShes somewhere. The linear case of corollary 4.14 states that
any linear skew—-symmetric transformation A: Efl-+ Efl possesses an eigen-
value O if n is odd.

In corollaries 4.12, 4.14 and theorem 4.13 the condition that n 1is
odd cannot be omitted. The reader may easily find counterexamples in the

case that n is even.
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5. SOME FURTHER PROPERTIES AND APPLICATIONS OF DEGREE

In this final section we mention some further interesting results

without proofs.

>.1. DEGREE THEORY ON THE SPHERE

A theorem due to Hopf asserts that the converse of proposition 4.11

is “ true. Hence, the degree is essentially the only homotopy invariant for

mappings from the sphere into itself.

. (HOPF)

st 't awe continuous and 1f deg(fo) = deg (£, ) then £q

and £, are homotopic.

The proof uses combinatorial topology, see HU [13, chap. 2, §8].

For mappings f: Sn_":l > Sn-—-l the degree can also be defined without

: n-1
using the definition of degree for mappings F: B" - R" . Note that §

is an (n-1)-dimensional oriented differentiable manifold. This means that

n- | . . n-1
S 1 is a union of open subsets U with Zocal coordinates E;,. . .,F;u on

o
each U, such that on Ua N UB E,i is a Cm-function of &'.]é,... ,62“1 and

-

det(agi/aij) > 0. Now the three stages of the analytic definition of de-~

B
gree (cf. section 2) can be repeated for mappings f: Snm1 - S'nw1 and points

1

. - . | . :
p in S . All steps have to be done in terms of local coordinates and it

has to be verified that things do not depend on the choice of the local

coordinates. For further details about the analytic definition of degree

for mappings between oriented manifolds we refer to NIRENBERG [8, chap. 1].

-1 T —
If cfieg(f,sr‘l Pl s P E " : » 1s defined by the above method then this

degree is a locally constant function of p. Hence, deg(f,sn_]‘ ,p) has the

same value for each p € Snﬂl, sO the degree only depends on f£f. NIRENBERG
(8, §1.5.7] proves that this definition of degree coincides with deg (f)

in definition 4.10.

: n n
For mappings f: B -+ IR  of class C1 (Bn) (i.e. continuously differen-
tiable also on the boundary of Bn) the degree can also be expressed by a
surface integral due to Kronecker, cf. HADAMARD [14] and BERGER & BERGER

L6, Pw4q:lo Let O é f(Sn—l) . Then

(5'1) deg(pr ""'S ’0) = K I Ifl H d@t{f,“g%;...,“&f_q}dgl.. -dgn
“n-1 3 3E"
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where £ has Cartesian coordinates fl,...,fn, where 51,...,€n“1 are suitable

. n-1 .
coordinates on S except for a subset of lower dimension, and where Kn 1
, n-1 B
is the surface area of S . Formula (5.1) is the n-dimensional analogue of

(1.4) and (1.10).

The author of the present chapter obtained a proof of formula (5.1) as
follows (unpublished) . First define deg(f) for mappings f: Snm1 - Sn-—-l by

using the differentiable manifold structure of Sn_l. Then formulate an ana-

logue for deg(f) of the integral representation (2.4). Here Y may have ar-
1

n.—.
bitrary support in S . Next, prove by some manipulation of determinants
that deg(f) is equal to the right-hand side of (5.1) with Ifl_n = 1. Finally,
I—l

replace f by |f| "f, where f is a mapping from B into R’ .

5.2. THE MULTIPLICATIVE PROPERTY

THEOREM 5.2. (Multiplication property)

Let @ ¢ R be open and bounded. Let £: & ~ R® and g: R" > R" be con-
tinuous. Denote the bounded components of R - £(3Q) by V, oV
that p ¢ g o £(3Q). Then

pree Suppose

deg (gof,R,p) = ) deg (£,2,V,) deg(g,V,,p),
i

where the sum on the right 1s finite.

This theorem as well as its two corollaries formulated below are

proved in SCHWARTZ [5, pp.74-78] and HEINZ [4, §11].

COROLLARY 5.3. (JORDAN)

Let X and L be homeomorphic compact sets in R . If R’ - K has a finite

number of components then R - L has the same number of components.

In particular, if n = 2 and if K is the unit circle then L i1s an ar-

2
bitrary Jordan curve and we obtain the well-known property that IR -~ L

has two components.

COROLLARY 5.4. (Domain irnvariance)

Let U be an open subset of R  and let f: U - R"” be a continuous one—to-

one mapping. Then the itmage £(U) 18 open in R .
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5.3. BORSUK'S THEOREM

For this subsection see SCHWARTZ [5, pp.78-82], NIRENBERG [8, 81.7]
and DEIMLING [9, §810].

THEOREM 5.5. (BORSUK)

Let Q be a bounded open shbuset of R symmetric about the origin such that
0 € Q. Let £: Q ~ R' be contimious such that £(x) = -f(-x) # O for all

x € 9Q. Then deg (£,2,0) s odd.

COROLLARY 5.6. Let Q be as in theorem 5.5. Let £: 30 » R" be a continuous
mapping whose image 18 contained in a k-dimensional subspace, k < n, of
N
R .
(a) There exists x € 30 such that £(x) = £(-x).
(b) If £ 18 an odd mapping then £(x) = 0 for some x e 3.

COROLLARY 5.7. Let Q be as in theorem 5.5. Let A iR,y B be n closed
Il

subsets of 30 such that 3N = U, _, A, Then at least one set A, contains a

pair of antipodal points x and -x.
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ITII. CHEMICAL REACTIONS DESCRIBED BY AUTONOMOUS ORDINARY DIFFERENTIAL
EQUATIONS

In this chapter we present some aspects of the theory of ordinary dif-
ferential equations describing chemically reacting systems. The main topics
are the a priori bounds of solutions and the existence and stability of
equilibrium points, the latter aspect being considered by using degree
theory developed in chapter II. As a general reference to the present chap-

ter we mention the monograph of GAVALAS [1].

1. CHEMICAL REACTIONS

We consider a system of r simultaneous chemical reactions, symbolized

by

(1.1) 3:1 Vi Mj = 0, i=1,...,r,
j=1

where v i axe integers and Mj are chemical species. The numbers V4 con-

stitute an (rxn)-matrix v. The species Mj consists of a number of atomic

species Al"”’Am' and Bij will denote the number of atoms Aj in the species

M i The non-negative numbers Bij constitute an (nxm)-matrix B. Since each

chemical species contains at least one atomic species we have

(1.2) ) B.. >0, i=1,...,n
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EXAMPLE 1.1. To illustrate the concepts in this section we shall consider

the two reactions

2N0, - N,0, = O,

2NO + 02 — 2N02 = Q.

(1.3)

The four chemical species 02, NO, N02, N204'will‘be denoted by M1,1M2,
M3, M4 respectively, and the atomic species 0, N are denoted by Al and A2.
The matrices v and B are in this case

> o\
O O 2 -1
(1.4) e ' B = : :
1 2 =2 O 2 1
4 2//
REMARK 1.2. (Notation) The rank of a matrix o will be denoted by r(a) and

T : : : :
the transpose of a by a . With In we denote the (nxn) unit matrix, and with

Onmkwe denote the (nNxm)-matrix containing only zero elements.

REMARK 1.3. We suppose throughout that

(1.5) r(v) = r;

in other words, we only consider a system of r independent reactions. In

general, the chemical equations are presented as Z)\ij : Zuij where the

direction also is important, but in the mathematical treatment these aspects

may be ignored.

REMARK 1.4. The r reactions (1.1) are said to be proper if
(1.6) vB = 0__.

The condition for a reaction to be proper is known in chemistry as "balanc-

ing the equations"”, and

n
(1.7) jEI vij Bjk = 0 (i=1,...,r, k=1,...,m)

corresponds to the conservation of atomic species Ak in the i-th reaction.
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We only consider systems for which (1.6) is fulfilled.
The following lemma is important for the construction of invariant

manifolds of the differential equations describing chemical reactions.

It is an extension of relation (1.6).

1.5. There 18 an n x (n-r) matrix v of rank (n-r) such that

(1.8) _ vy = Or,n—r'

PROOF. The proof simply follows from the observation that the linear homo-

geneous equation vx = 0, x ¢ R has (n-r) linearly independent solutions;

here (1.5) is used. [

On account of (1.6) or (1.7), the first r(B) columns of vy will be taken

from the columns of B. If the elements of Y are denoted by Yij , then it
follows from (1.2) that

r (B)

(1.9) P; = ): Yij > 0, 1 =1,...,n.
j=1

Moreover we have |

(1.10) Yy = r(v) <n - r(g)

- giving an upper bound for the number of linearly independent reactions.
It is supposed that the systems considered are homogeneous, that is,

we suppose that only one phase in the system will occur. The concentration

of the chemical species Mi will be denoted by C » i=1,...,n.During a reaction

process the quantities C., Which are called the state variables,
with time,

will vary
and the evolution of a chemical System can be described by these
variables as functions of time.

The initial values (at t=0) are denoted by
o -

iO’i = 1,...,n. The state vector ¢ and its initial value c

0
_ Cl C].O\

(1'-11) C = E | - CO = E
C C
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2. DIFFERENTIAL EQUATIONS OF CHEMICAL REACTIONS

In this and the following sections we consider two types of orxdinary
differential equations associated with homogeneous and uniform chemical
systems. In each case the equations are formulated in terms of the reaction

rates fj' i =1,...,r of the r reactions in (1.1). These rate functions (or

rate laws or kinetics) are functions of the state wvariables CyreesC -

Also the vector functions f£(c) and F(c),

(2.1) £ =1 . ; F = : ,
ty \Fn

related by

(2.2) F = v f,

are used. F. is the total production of Mi in moles per unit volume per

unit time due to chemical reactions. Explicitly we have

(2.3) Fj (c) =

I} O~

\)ijfi(c), i =1,...,n.

1=1

REMARK 2.1. A more realistic model is obtained by regarding the temperature T
of the system as a state variable as well. In that case the functions fj

are given as functions of T. In this chapter, however, the temperature, and
effects of its variations with time, will not be considered. The suppression
of T from the formulas does not change the discussion in a relevant way .

The reason for the simplification of the model is only based on the wish of

considering a convenient mathematical model.

A closed system is a system (1.1) of constant volume which does not
exchange mass or energy with its surroundings. It is convenient, to consider
a closed system of unit volume. The time evolution of this system is de-
scribed by the system of differential equations

dc

(2.4) -—— = F(c), c(0) = ¢

dt O

We also consider in this chapter open systems, but the discussion will
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given in chapter VI. A more elementary proof of the existence of solutions
can be found in CODDINGTON & LEVINSON [3]. See also remark 3.4. As for
uniqueness of the solutions, which is expected on physical grounds, the con-
ditions of postulate 2.2 are not sufficient. If, however, F is Lipschitzian

in m?_ the initial value problem has at most one solution.

2.4. On physical grounds, all state variables have to be non-negative,
that is, ¢ has to be an element of IRi_l . Condition (ii) of the postulate in-
sures the non-negativity of the state variables for all t = 0, if the ini-

» * . n
tial value is chosen in IR+ .

REMARK 2.5. Condition (ii) of the postulate can be written as (F,n) = 0 on
3R
-+

: .. . n
» Where n is the inward normal on the boundaries of IR+ .

In chemical experiments, often there are more than one equivalent
systems of reactions (1.1) capable of describing a given chemical change,
each system having its own rates fj. The rates Fi' however, are the same
for all equivalent systems. The descriptions in terms of £ and F are both
useful. The quantities that can be directly measured during the experiment
are, among others, the pressure » temperature, concentrations and the thermal

and electrical conductivity. From such measurements it is possible to de-
termi

ne the number of independent reactions, but no distinction can be made

Among equivalent systems of reactions. The determination of the rates f and

F from experimental data is a task both difficult and of limited accuracy.

summarizing, the construction of a mathematical or chemical model of chem-

lcal reactions falls apart into the choice of (1.1) and into the choice of

the rates fj‘
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which can also be denoted by

(3.7) Alcy) = ¢y + Ag,

where in the notation the dependence on ¢, is emphasized.

0O

The linear manifold A(co) in R" extends to values outside the positive

orthant
R _, it is convenient to consider only the intersection of A(c,) with JR+

. Since we are only interested in values of the state variables

DEFINITION 3.1. The set
(3.8) AMMie) = ®’® n Ael)
" 0 + 0

is called the invariant manifold corresponding to the point c .

3.2. The invariant manifold A (c ) is constructed without knowledge

of the right-hand side of (2.4), that is, without the reaction rates fj.

In terms of the elements of y.. of the matrix y, the elements c of

ij
_ A(co) satisfy the relations

I
(3.9) ) Yy e (t) =} oy, e, k=1,...,nr.
jil ik 3 j___Z.l Y3k 500 F

3.3. A+(co) 18 closed, convex and bounded in IR?_ .

PROOF. The closedness follows from (1.12), (3.8) and (3.9). To show the

convexity, let x and y be any two points of A" (c ), then c(s) = s x + (1-s) vy
and YTc(s) Y Cyr S € [0,1]. Hence c(s) € A (co) . The boundedness

follows from (1.9) and (3.9) . Namely,

r(8) n

n
Z Y c (t) = )-: p. C (t) = p. C
k=1 j=1 ¥ j=1 4 3 -»-Z_-.

and, since all Pj are positive, cj (t) must be bounded for all t = 0. [J

Since a trajectory of equation (2.4) departing from <o lies entirely

in A (co), we can find Cyo v i=1,...,n such that for any t
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OSCi(t) S.cim, i=1,...,n

or, if cm is the vector with components C,

4

(3.10) le(t) | < |Cm|-

The wvector c is independent of the reaction rates fj and is obtained
without knowledge of the solution of (2.4). Hence |c | is an a priori bound

m
for |c(t)| and this bound depends only on the initial condition.

REMARK 3.4. With this a priori bound we can verify that a solution is de-

fined for all t =2 0, and not only, as noted in remark 2.3, on some interval

[O,tll. See HALE [2,pp. 17-181].

3.2 EXTENTS OF REACTIONS

As we have seen in the foregoing subsection, the action takes place in

an r-dimensional linear manifold A(co) of IRE . In the subspace AO we can
use intrinsic coordinates {El,“-,ﬁr} and, if c € A(co) ;y C can be expressed
in terms of Cq and Ejl, ce - ,gr. A convenient way of doing this is using the
matrix v. Since r(v) = 4, we can associate with Vv a linear mapping, which

induces an isomorphism between A(co) and its image A, the r—-dimensional

E-space. Let us take, if c-c, € A

9, Of
(3.11) C - cy = \)TE-;,
where
&9
(3.12) E = !
E’r
r

is an element of IR . The connection between the ¢ and the { vector is as

follows. Since C-Cy € AO’ it can be written as c=Cq = }‘1\)1 + ... + Arvr'
where v, are the row vectors of the matrix v (see remark 1.6) and li € ’
i=1,...,r. From (3.11) it follows that )\i = E’i' i=1,...,r.

REMARK 3.5. The variable E’j represents the contribution of the j-th reaction
in the change from the state c, to the state c and is called the extent of

the j-th reaction. The extents may be interpreted as degrees of freedom in



The image of A" ( Cy) under the mapping (3.11) will be denoted by Al(c 57 -

construction it is clear, that A (Co) is a simplex in R~

e

angle (including the plane region with its

dimensional simplex is a tetrahedron. The simpl

elements & of K (CO) satisfy, since c ¢ E y

pe solved uniquely for £ in terms of c, provided

where AO is given in (1.13). The simplex K (C 0) in this example




ITII. CHEMICAL REACTIONS 51

In terms of the extents E’j' the system (2.4) of equations reduces to a

system of r equations (see 2.2) and (3.11))

aé _ ¢ _
(3.14) Jr £(¢g), £(0) = O,
where E(E) = £(c), C € A+(c:0) and ¢ = \JTE; + - If ¢ € A(co), (2.4) and

(3.14) are equivalent.

REMARK 3.7. Condition (ii) of postulate 2.2 can be written as (E,n) 2 0 on
BA(CO); see remark 2.5; n is the inward normal on BA(CO) . The inner product

. X . n
and norm 1n IR are as in IR .

3.3 EQUILIBRIUM POINTS

DEFINITION 3.8. A kinetic equilibrium point (or equilibrium point or equi-—
1ibrium state) of a chemical system described by the differential equation

(2.4) is a solution of the equation

(3.15) F(c) = O.
LEMMA 3.9. Let £ and F be related by (2.2). Then £ and F have the same zeros.

PROOF. Suppose f(c) = 0, than trivially F(c) = 0. Conversely, suppose
T

F(c) = 0, than v f(c) = 0, hence f1 v, + cee e fr v, = 0, where
{vl, .oy vr} are the linearly independent row vectors of v. Hence
f. =0, i=1,...,r, and thus f(c) = O. ]

1

REMARK 3.10. Let ¢ be an equilibrium state in A(co), then E(E_'.) = 0, where
c and § are related by (3.11). Conversely, ¥(€) = 0 implies f(c) = 0. The

corresponding point £ will also be called an equilibrium point.

Of course, we are interested in equilibrium states in A (co) , or equi-

valently, in the simplex K(co) . In order to prove that equilibrium points

exist, we calculate the degree of f with respect to the simplex K(co) .

i

The interior of the closed simplex will be denoted by AD(CO); that is,

~ 0

A (CO) = A(co) - BA(CO) .
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THEOREM 3.11. A chemical system with differential equation (2.4) has at

least one equilibrium point in Acy) -

P

0WOF. We will prove that if F # 0 on T (cy)» or equivalently, f # 0 on

0

BMC ), f has at least one zero in A (c ). Let us suppose F # 0 on BA (c ) .

N

The funct:.on f is continuous and A (c ) is bounded. According to deflnltz_on

~ w0

I1.2.15, deg(f,A (co),O) is defined, and we will prove that the degree is

not zero. Let us consider the function (&,t) = ht(g) given by

(3.16) h (E) = (1-t) £(§) - t g(E)

~0

where g(f) = E - E;* and E* e A (co); ht(g) is continuous on K(CO) X

L0,1] and, in order to apply theorem II.3.4, we verify if it has zeros in

BK((‘:O) x [0,1]. The values t = 0, t = 1 are easlly verified, since h0 = f

and h1 = - g are supposed to be nonzero on BA(c ) . Suppose now ht(E) = 0

on BMC ) X (0,1). Then we obtain from (3.16)

()

() = =~ (g-£*
E(E) = g5 (&80,

Left side multiplication by v yields

. * s T, * % *x : .. n
where ¢ is defined by V' = ¢ - Co? © 1s an interior point of ]R+ and

C € 3 K . Some component of c, say Ck 1s zero, giving

F, = 1__ S (- ~Cp 5).
ck > 0, and hence we have a contradiction with postulate 2.2. From

. theorem II.3.4 we obtain deg (h Q(c ) ,0) = constant for t € LO,1] and hence
deg (h, A (c ) +0) deg(hl, (co),O) giving
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An immediate consequence is, (see theorem II.3.2(b)) that equation (3.15)

has at least one zero in A+(co) . U

o

Figure 3 shows schematically the homotopic vector fields f£ and -g,

* _ *
g(g) = £~ with & = 0, for the case of two chemical reactions.

g1

Figure 3

In the proof of theorem 3.11 deg (E,KO(CO) ,0) 1s not computed 1if f has

zeros at BK(CO); in that case the degree is not defined. In order to obtain

information about the zeros at BA(CO) we may attempt to compute the degree

of £ with respect to a sufficiently large open ball B surrounding A(CO) .

In calculating the degree of f with respect to B, zeros of f outside

K(co) must be considered as well. Such equilibrium points, however, do not

have any physical significance, since all trajectories originating in A(co)

never leave this region, but these points do contribute to the degree of f.
However, it is possible to extend the function f outside A(co) to a func-

tion ¢, such that

(1) $(&) = £(8), £ € A(cy),
(ii) $ is continuous in B,

(1ii) ¢ # O outside A(c,)-
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The differential equation

(3.18) -g% = (g), E(0) = O

has the same solutions as (3.14) and the same equilibrium points in K(co) .

Before defining ¢, we introduce two auxiliary functions. The first one

is the distance function d: IR+ R given by
. * * ~
d(€) = inflle-g7| | & € Alcy},

the distance between £ and the closed simplex K(co) . The second auxiliary

function is p: + IR" , defined as the point of intersection of the line

Mt

* p~
segment (£ ,£) with BA(CO) ,» where E* € A° (co) . In two dimensions the sit-

uation is as in figure 4.

Figure 4

Let us now define 35' as

- | £(8), if £ € Ac.),

| £E((E)) - A(E) (E-E¥), if £ 4 Ricy).

L™ )

From its definition it is clear that 1s continuous if f is continuous.

Suppose ¢(£) = 0 outside A(co) . Then f£(p(E)) = A(E) (&-—E*) r OX by multiplying
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w
with vT, F(p(c)) = A(g) (c-c ), where p(c) is the point in R corresponding

* T % o~ n x
to p(§), and c -Cy = V £ . Since p(g) € BA(CO), p(c) € Bnﬂk; c 1is an

interior point of A(c.). Moreover, since § g Ac), c 4 R" , and hence, some
O O + N
o " " » = — - & >
o is negative, giving F_ (p(c)) d(ckck), 51296 Cy. 0,
F (p(c)) < 0, in contradiction with postulate 2. 2. It follows that ¢ does

component of c, say C

not have any zeros outside A(c ) . Hence deg(¢,B,0) is defined if A(c ) lies
wholly in the ball B. As 1in the proof of theorem 3.11 we now can compute
thé degree which is left to the reader as an exercise. The result is given

in the following theorem.

THEOREM 3.12. Let F satisfy the conditions of postulate 2.2, let ¢ be an

extension of f as given in (3.19), and let Q c R be any open bounded set

containing K(co), then

deg ($:Qr 0) = (“l)r-
The extension $ defined on the £-space R® induces a function
¢ : A(Cf) +-BR by writing ¢ (c) ¢(E), where ¢ and £ are related by
C~C. = V E, C € A(c ) . The functlon ¢ is an extension of £ outside AT (c ) ,

O

such that ¢(c) # O out51de AT (c ). The function ¢: A(co) > R ’ glven’by
$ mvT¢ is an extension of F. It should be noted that ¢ and ® are defined

only on A(co).

REMARK 3.13. In general; the zeros of f are not isolated. To see this, we
observe that f is a mapping R+ IJR° and r < n. Hence, generally, the equa-
tion f(c) = O defines a (n-r)-dimensional closed manifold N(f) < R of
zeros of f. From theorem 3.11, it follows that A+(c0) and N(f) have at least
one common point, whatever Cy € R" . Since C, may be arbitrarily close to O,
£ is continuous and N(f) is closed, 0 is an element of N(f); that is,

£(0) = F(O) = 0. Also N(f) is unbounded.

3.4 THE NUMBER AND STABILITY OF EQUILIBRIUM POINTS

Theorem 3.11 gives the existence of at least one equilibrium point, but
nothing is said about the exact number of such points. If we impose certailn
conditions on the rate functions fj it is possible to prove that all trajec-
tories in.A+ converge to a single equilibrium point. These conditions can be

interpreted in a thermodynamical sense and are related to the consistency
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between thermodynamics and kinetics. The entropy function of the closed
system plays the role of a Lyapunov function by which the convergence of
the trajectories can be proved. For details, the reader is referred to
GAVALAS [1, §1.5].

In the general case, when the reaction rates are only restricted by
postulate 2.2, each invariant manifold may include more than one equilibrium
point and it is interesting to obtain information about the number and sta-
bility of these points.

! In order to give qualitative information, however, we need the dif-
ferentiability of the rate functions. So, apart from the conditions in pos-
tulate 2.2, we demand that

™

(3.20) £ e c(R(ey) n c1(K°(c0)).

In the discussion of stability, the Jacobian matrix of a mappling,
introduced in section I1I.2.1, plays an important role. For convenience,
we give the following definition and notation for this matrix and its de-

terminant.

DEFINITION 3.14. Let Q be an open bounded set in IRn; let £ € C1 (§2) . Then

the linear operator f£'(x): IR - IR, called the derivative of f at x, is

given by the Jacobian matrix

Bfl(x) o afl(x)
3x1 an
(3.21) f'(x) = . .
Bfn(x) of (x)
Bxl U an
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where Q is any open bounded set containing A(c ) . Moreover, if JN(E ) # 0O

at an isolated zero E,' € A (c ), then as follows from theorem II.3.13

(3.23) ind(£,£7,0) = (-1)°

where o is the sum of the algebraic multiplicities of the real negative

"

. ~ *
eigenvalues of f'(f ). Suppose now that all equilibrium points are in Aa(c ) .

LEMMA 3.15. If the number of equilibrium points in A (cqy) 18 finite, and <
Jz(&) # O at each equtlibrium point, then the number of equilibrium points

is odd, 2mt+l say, among which m+l have index (-1)° and the remaining m
have indez (-1)TH.

PROOF. The index of each equilibrium point is +1 or -1, and the proof easily
follows from (3.22). ]

EXAMPLE 3.16. Consider a single reaction (r=1) in a closed system

M1 --2M2 =

The v—matrix is (1 -2) and suppose that the system is described by the dif-

ferential equation

SC ~ F(e), c(0) = c

dt O’

where F{(c) = va(c) = ( f(c:)>; f: :Rf_ - IR is a given function such that

-2f(c)
F satisfies postulate 2.2. We introduce the extent £ by writing C—Cq = V g,
hence
clwclo = £, czmc20 = —2&;

+ . : oy
- o in = is its intersection with
A.(c ) is the line 2fc_:1 + ¢, 2c10 + CH4 and A (co)
IR_2'_ . The simplex A(c ) is the segment [ - ~C40” %czo:l on the £-axis and
g(c’,) = £ (cl’CZ) = f(£+c 10" -—2E,'+c20 . If (F,n) 2 0 at BA (c ) (the points

< O The following

&:10+§c20 ,0) and (O, 2<::10 )) then f (- c, ) > 0, f(&czo g

figures may be :Lllustratlve. Figure 5 glves the manifolds A~ (cq ) and A(c )
in c-space and E-space. Figure 6 gives WO possible functions f, which in-
deed are homotopic with g(£) = -£. Also the indices (+1) and (-1) of the

equilibrium points are shown.
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K- - - K(co)- ~ —-)I

' i

I
i )
I |

“C1o 0 c20/2

Figure 5 c-space
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The vanishing of J*‘E(ﬁ) at the equilibrium points may be illustrated by

the set N (f), introduced in remark 3.13. Figure 7 shows a situation where

J"f'-‘(E) will vanish at an equilibrium point in X(CO) ; While in X(EO) this
will not be the case.

The corresponding pictures in the {-space are shown in figqure 8.
It follows that, locally, the number of equilibrium points is 0, 1 or 2,
according as the position of EO with respect to A(co) . Generally, quite
different situations may occur. In fact, in chapter IV an example will be

given where the number of equilibrium points changes (locally) from 1 to 3.

3.4.2. THE STABILITY OF EQUILIBRIUM POINTS

We first give a definition of stability of an equilibrium point of a

general differential equation

dx

—— = F(x)
(3.24) w® ]
x € IR , F: IRn < IR,
* |
and we suppose that x 1is an equilibrium point, that is, F(x') = O.

DEFINITION 3.17. The solution x* is called stable if for any € > O there
exists a § > 0, such that any solution x(t) of (3.24) with x(0) = X satis-
fying | Xy " x*l < 8§, satisfies [x(t) - x*l < g, £t 2 0. The equilibrium
point is said to be asymptotically stable if, in addition to being stable

Ix(t) - x*| >0 as t > o,

According to the Poincaré-Lyapunov theorem, the stability of an equi-
librium point of (3.24) can be discussed by considering the eigenvalues of
the Jacobian matrix F' (x), defined in definition 3.14, at the equilibrium
points. A sufficient condition for the stability (even asymptotic stability)f
of x* is that all eigenvalues of F' (x*) have negative real parts. Conversely,
if F' (x*)has one or more eigenvalues with positive real parts, the equi-
librium point x. is unstable. Finally, when F' (x*) has eigenvalues with zero

real parts, no definitive statement about stability can be made without

furthexr information on F(x).



¢ is a kinetic equilibrium point of (2.4) . This point

manifold Ac) ’ ¢ e A (c"). The image of AT (¢*) under the
= \)T&_’,, with ¢ € A+(c*) , is a simplex K(c*) in the
point £ = 0 corresponds to C = c; £(0) = 0, and hence & = O
um point of (3.14). Suppose that the eigenvalues of £'(0)
O 1is

I

parts. Then, according to Poincaré-Lyapunov, g

stable. That is, given & > 0, there exists a 6 > 0, such

gl
L

£ K(c*), implies that a solution of (3.14), with E(0) EO

noreover E(t) - 0 as t = . The point F’O
* * T :
j Y - ; i v - - =V . Hence, 1Il
g € Alc'); ¢, is given by c¢y~C E"O '

small, then c(t) - C* , as t > », if c(t) is a solution

x

rias: is ¢ in the c-space asymptotically stable?

*
rake for instance an initial value Ch ¢ Alc ).
manifolds A" (c*) and A" (c 0) have empty intersection. But

all t 2 0, and hence

asymptotically stable. (It is not possible to describe this

if 4 ¢ A+(c*) , there is no corresponding

* *
that c(t) does not converge to ¢ . But ¢ 15

be proved in theorem 3. 18.

* *

If ¢, is close to c , S, ¢§d A(c ), does
| *

to a point ¢} € A(c.) close to ¢ and is the

N * 0 T x 0

€ A(co) r €4~Cq asymptotically stable?

ve, as indeed it is, then for the purpose of sta-

il
<
7Y

8 no loss of generality in considering perturbations

id of the equilibrium state, i.e., c. € A (C*) ’

O

stability in the E-~space.

1um point of (3.14), where c-c =

etgenvalues of £'(0) be negative.

rium point. Moreover it can be shouwm
* +

'l 0 € A (CO) ’

golution Of - (2.4) with c (0) = ¢ 0’ and

extsts a point c




I1ITI. CHEMICAL REACTIONS 6l

lc*-cgl+-0. The point g; € K(co), where ¢ and & are now related by
C=C, = ng(c,cO), C € A(cO) and cgwco = ngg, 28 an asymptotically stable
equilibrium point of (3.14).

r~ X
PROOF. Consider the equation f£(£(c,c )) = 0. It has a solution

™t

E = g(c*,c*) = 0. The function f can be considered as a function depending
Y ~ ~
on £ and on ¢ . Let us make this clear by writing f(E(c,c*)) = ¢(€,c*),

where 3: R° x IR - IR™ . The equation 5(&,0) = 0 has a solution at & = 0O,

c = ¢ . Moreover, the Jacobian matrix BE(E,C)/Bg of $ with respect to £
satisfies det(ag(a,c*)/ae) # 0 at £ = 0. According to the implicit function
theorem, for which the reader is referred to HALE [2,p.8], there exist
neighbourhoods U and V of 0 and ¢’ in R- and ]Rn, respectively, such that

0 has a unique solution & in U.

i

for each fixed ¢ in V the equation ¢ (£,c)
Furthermore, this solution can be given as £ = g(c), where g is continuous

and g(c*) = 0.

*

In IR® we choose an open ball B (c*) = {c € Efll lc-c | < 8§}. There

S

K
exists a 61 > 0 such that § < 61 implies BG(C ) © V. Suppose now, 0 < 61

and Cq € Bﬁ(c*). There is a unique EO = g(co) such that E(&O) = 0. Since

g 1s continuous and g(c*) = 0, the smallness of Ico—c*l implies the small-

T :
ness of IEOI, or, as needed in the future, that of |v EOI. That is to say,

given any € > 0 we can find §, > O such that 6 < 62 implies

2
(3.26) |vTE;OI < e/3.
. * +
Define C, € A (co) as
* T
(3.27) CO = co + V EO,

+
giving an equilibrium point ¢, € A" (c,) for (2.4).

0

Furthermore, we can find 63 > 0 such that § < 63 implies that for all

C € Bé(c*) the real parts of the eigenvalues of aE(g,c)/ag evaluated at

& = g(c) are negative. This can be achieved since the eigenvalues depend
continuously on c. Hence, if § < min(61,62,63),£0 is asymptotically stable,
ani the point Ez mentioned in the theorem is EO. Moreover, |c*-c;|

- _ w . * _ T . *_
Ke CO + c0 cOI K. CO V EOI -+ 0 1£ | c CO| <> 0.

Let us now prove the stability of ¢ . Since EO is asymptotically stable,

L
——

we can find §, > 0 such that, for any initial wvalue n

O



SO,

it

(3.14) with & (0) Ny~

£(t) is a solution of
such that |n0~50| < 64

aced earlier, we can choose 6 4

' = {c € A+(c0) | ¢ = 4 + V %;,l&;-EOl < 64}. )

initial value Cq ¢ T satisfies c(t) > Cq as

0 B ( | C* ) ‘Wi +h 8§ < . Observe that

x % * | Pfe) - -
o 4 . _ I’;(t) col + lco Cq
Vo (E-E,) and c,—Cy = V €0’

il1ity of c . [

t > o

N(£)

Figure 9

ituation is described for the case of one chemical

tween the index and the stability in

relationship be
eri1ilihrium vaint £ . -
quilibrium point £ of the system (3.14), let us consider first

N ~ g
Then £f'(& ) has an odd number of

index +1 implies, according to lemma 3.15, an even
©,0) and hence an odd number of eigenvalues in

m state E* is unstable. An index -1 implies

positive eigenvalues. If r = 1, E * is stable but if

about stability can be made. In any case, if the

2m+1, at least m of them are unstable.
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L &

*
When r is even, f£'(£ ) has an even number of eigenvalues. An index
-1 implies an odd number of eigenvalues in (-«,0) and an odd number in (0,x),
X
hence the equilibrium state £ 1is unstable. An index +1 does not allow a

conclusion about stability. Again, at least m among the 2m+l states are

unstable. We have proved the following theorem

THEOREM 3.19. An equilibrium state of (3.14) such that JE(E*) # 0, 18 un-—
stable 1f 1ts Zndex satisfies ind(£,£ ,0)x(-1)F < 0. If Jg(g*) # 0 for all
the equilibrium states of a given manifold N, the number of these points is

odd, 2m+1, among which m at least are unstable.

COROLLARY 3.20. In the case of one chemical reaction, r = 1, m of the states

are unstable and the remaining m+l are stable. Thus for r = 1, m = 0 the

unique equilibrium point i1s always stable. In figure 6 the cases r = 1,

m=0and r =1, m = 1 are drawn, respectively. An equilibrium point with
index -1 18 stable.
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4. OPEN SYSTEMS

As in section 3 we can use the matrix y and we obtain in this case

(2.6)

(4.1)

|
v

T
g ch gr 39 = Y ¢, and the a-vectors are elements of

. T
where a = y ¢, a

Equation (4.1) gives on integration

t
(4.2) a(t) = e“t/eao + 6”1 [ e-(t”T)/eaf(T)dI.
0
Hence we now have
_ T
(4.3) Y c(t) = a(t),

defining an integral manifold depending on t in contrast with closed sys-

3, where the corresponding right-hand side of (4.3), see (3.2), is a
constant. Again (4.3) defines a linear manifold A+(co,cf,t) . Considering

bounded inputs Iaf(t) | <a,, t =20, we obtain

M

lal < Iaol + a,.

T | : “
c(t)| is bounded and using the same argumentation as in section 3

Hence |y
_ + :

we can prove that A (co,cf,t) is bounded for all t. From this it follows
that the concentrations are subjected to a priori bounds and hence, if F

in (2.6) satisfies the conditions of postulate 2.2, the existence of solu-

tions can be proved.
4.1. STEADY STATES

From now on we suppose that the feed state c_ is a constant, which

implies that (4.2) becomes

£

a(t) = e“t/ea + (l-eht/e) a

0 F!
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ox

(4.4) YTc(t) =YT{e"t/eco + (1~e-t/e)cf}.

Hence the effect of the initial condition Cq quickly disappears and the
state of the system 1s eventually determined by the input variables ¥
alone. More precisely, as t - » the state trajectories rapidly approach the
: . : . + "+
r—-dimensional linear manifold A (cf). These trajectories lie outside A (co),
: At (e,
€ Cel -

T
except when a, = dgy O Y Cqy =Y Cer that is, when c

O O

DEFINITION 4.1. A steady state is the solution of the time independent

equation

(4.5) Cc - cf = OF (c).

In the {-space the steady states follow from
(4.6) £ = 0£(E),
where the extents £ are defined by (cf. 3.11)

T
(4.7) C - c. = VE, C € A(cf).
THEOREM 4.2. If F satisfies the conditions of postulate 2.2, then the chemical
system with differential equation (2.6) has one or more steady states in
AT (e ,)
£ -

Pl F. Let us write

(4.8) g(g) = & - 6£(E),  h(E) =& - E,

i

where EO € Aa(cf), and consider the mapping (&,t) +-Ht(€) given by
Ht(E) = tg(§) + (1-t)h(§).
Proceeding as in theorem 3.11 we obtain, if g # 0 on SA(cf),

™/

deg(g,A°(cf) ,0) = deg(h, A (cg),0) = 1.
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This proves the theorem. []

REMARK 4.3. As in section 3, we can extend the function £, or g, in such a

way that the extension does not vanish outside A (c f) . For any open bounded

set {1 O K(cf) we have deg(g,2,0) = 1, where g and its extension are denoted

by the same symbol.

4.2. UNIQUENESS AND STABILITY OF STEADY STATES

The following lemma is the analogue of lemma 3.15; g is given by (4.8).

"

EMMA 4.4. If the number of steady states in Ao(cf) 18 finite, and Tf
Jg(gs) # 0 for all steady states & « Ko(cf) and g # 0 on aA(cf) then

the number of the steady states 18 odd, 2m + 1 say, with m having index
-1 and m + 1 having index +1. The index of the steady state §&_ 18 equal to

(-1) c,, where o 18 the sum of the algebraic multiplicities of the real ergen-

values of £ (F;S) in the interval (1/6,«).

PROOF. Remark that the eigenvalues of f'(§), say li’ and the eigenvalues

1 ~ - _ _ 1
Of 5 Ir - f (g) ;y Say ui, Satley ui Ai 6- D

If 6 is small, it may be expected that for each steady state gs none
of the real eigenvalues of f'(§) are situated in (1/6,«). In that case, the
index of each point ?;'S, that is, ind(id-eg,is,O) , 1s +1 from which follows
that we have only one steady state. In order to prove this, we construct
an upper bound for the real eigenvalues of £ (£) which does not depend on

0. It is supposed that E € CI(K(cf)) .
First we introduce the real functional B: K(c f) x IR- -+ TR , defined by

(4.9) B(E,p) = pT £'(E)p

where £ ¢ K(cf) and p € ZIRr . B can be written as

Y 5F . () /pl
B(E,p) = Z _ 0.0, p = .
i,j=1 BEJ i :
\Pr/
Furthermore we write '
(4.10) " b(£) = max B(E,p), b = max b(§).

- m >
lp |=1 EeA(cf)
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Suppose A is a real eigenvalue of £ (ES) for some steady state ES, and

Py the corresponding eigenvector normed as lp)\l = 1. Then

A= B(ES,DA) < b(’és) < b .

Hence, if Bbm <1, then A < 1/8, giving an explicit bound of 6 such that

all real eigenvalues of £ (£) are outside (1/6,»). As a consequence, the

index of any steady state is +1 if ebﬁ < 1. So we have proved the follow-
ing theorem.

THEOREM 4.5. Let b be defined as in (4.9) and (4.10). If b < 1, then

there 18 one and only one steady state E, € K(cf) .

For large 6 we can also give information on the uniqueness of a
steady state. Let us recall that an equilibrium point is a solution of
£(g) =

C

0O and a steady state is a solution of (4.6) and depends on 6 and

£ The vector cf defines a linear manifold A(c ) < 'IRI1 and, if ¢ and ¢

£
are related by (4.7), each simplex A(cf) contains at least one equilibrium

point (theorem 3.11) and at least one steady state (theorem 4.2). With

these preliminaries we are ready to prove the following theorem.

THEOREM 4.6. Let £, ¢ K(cf) be a unique equilibrium point and suppose that

the eigenvalues of £ (50) have negative real parts. Then there exists
*

0" > 0, such that © > 0 implies that A(c ) contains a untque steady state

€ and the eigenvalues of £° () have negative real parts.

PROOF. If we set

E, = max  |E]
Eeh(cy)
then
£ )| <€ /o
for any solution Es € K(cf) of (4.6). But E(EO) = 0, and EO is the only

equilibrium point in the closed manifold K(cf) . So, IES*--EO | is small if

* *
0 is large. That is, for any € > 0, there exists 6 such that 6 > 6 im-

plies Igs_gol < €. But if € is small enough, the eigenvalues of f' (ES)
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have negative real parts. In that case, ind(g,ES,O) = 1, and hence Es is

unique. [

In open systems

it is natural to consider perturbations in the initial
state and the feed state, which suggests the following definition of sta-
bility.

DEFINITION 4.7. A steady state c_ € A(cf) will be called stable if given

any € > 0 there exists a § > 0 such that |c

' _ 3
H O_Csl < 6, lcf cfl < § imply
that the solution c¢(t) of the equation
a4 113 ac _ 1 . _._. -
(4.11) Frie B(Cf c) + F(c), c(0) = co
satisfies Ic(t)wcsl < g, t > 0.

In fugure 10 the situation is illustrated for one chemical reaction

(r=1) . Since the solution is attracted by A(c é) , if c;_, ¢ A(cf) the solution
will never reach the point C-

CzT

Sf 0
] « c(t)
“f
“s +
— A (c%)
A(cf) sy
c, —>

Figure 10

Under the condition of theorems 4.5 and 4.6, for small 6 and for large

6, the steady state is unique. As in theorem 3.18 it can be proved that in
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